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This study focuses on designing a nonlinear controller for high-� maneuvers of a fighter aircraft with a thrust-

vectoring control ability and checking the robustness of the designed controller using the structured singular-value

�-based robustness analysis. The controller is designed using the nonlinear dynamic inversionmethod. It is designed

to engage either the aerodynamic control surfaces or the thrust-vectoring control paddles of the engines, depending

on the flight conditions. The necessary mathematical models are built to describe the nonlinear flight dynamics, the

nonlinear aerodynamics, the engine with thrust-vectoring paddles, and the aircraft sensors. The robustness analysis

is especially needed when thrust-vectoring control is engaged in a challenging high-�maneuver. This is necessary to

analyze the effect of increasing uncertainty in the aerodynamic parameters in such a flight condition. In a flight with

thrust-vectoring control, the effect of the aerodynamic uncertainties on the robustness is investigated for two

different cases. In the first case, the aerodynamic forces andmoments are treated as if they are completely unknown.

This unusual uncertainty assumption is proposed and investigated for the first time in this paper. In the second case,

the aerodynamic forces and moments are assumed to be known but only with a limited degree of confidence (e.g.,

70%). The results of the robustness analysis for each case show that it is impossible to achieve a satisfactory

robustness if the aerodynamic forces and moments are treated as completely unknown disturbances, whereas

robustness can be achieved rather easily if they are known evenwith only 70%confidence. These conclusions are also

verified with numerical flight simulations.

Nomenclature

Ci = general symbol for the aerodynamic force/
moment coefficients

Cn�dyn = dynamic sensitivity of yaw moment to
sideslip angle

Ĉ
�o;b� = rotation matrix from Earth-fixed reference

frame to body-fixed reference frame
�FL, �FR = column matrix representations of the thrust

force vectors of the left and right engines
�Fa, �Ma = column matrix representations of the

aerodynamic force and moment vectors
F̂u = upper linear fractional transformation

representation of a structured system
Ĝnom�s�, Ĝ�s� = nominal and perturbed transfer matrices used

in robustness analysis
�H�b�e = array of engine angular momentum

components
Ĵ = inertia matrix of the aircraft
Je = inertia of the rotating machinery of the

aircraft engines
K̂p, K̂i, K̂d = controller matrix gains

�M�b�e = array of engine moment components

p, q, r = angular velocity components of the aircraft in
the body-fixed frame

R̂k��� = rotation matrix of angle � about the kth axis
of a reference frame

�rbeL , �rbeR = column matrix representations of the position
vectors of the engine nozzle exits

TL, TR = total thrust forces created by the left and right
aircraft engines

Tmil, Tidle, Tmax = military, idle, and maximum thrust levels
u, v, w = translational velocity components of the

aircraft in the body-fixed frame
VT , �, � = total velocity, angle of attack, and sideslip

angle
�X, ~X = column matrix representation and

cross-product matrix of a vector X
�̂ = matrix representation of the uncertain model

perturbations
�Ĝ�s� = additive uncertainty transfer matrix used in

the robustness analysis
�L�1;2;3�, �R�1;2;3� = left and right engine thrust-vectoring paddle

deflections
�Lth, �Rth = left and right engine throttle deflections
�a, �e, �r = aileron, elevator, and rudder deflections

��M̂� = structured singular value of a system
realization matrix M̂

 , �, � = Euler angles describing the attitude of the
aircraft

 L, �L = azimuth and elevation deviations of the thrust
vector of the left engine

 R, �R = azimuth and elevation deviations of the thrust
vector of the right engine

�!b=o = column matrix representation of the angular
velocity vector of the aircraft

!e = angular velocity of the rotating machinery of
the aircraft engine

!ni, �i, !
0
ni = control parameters of the desired closed-loop

dynamics
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I. Introduction

T HE basic flight maneuvers of the air-superiority fighters are
mostly executed at high-angle-of-attack flight regimes. This

is generally necessary to successfully defend against adversary
fighters. The high-angle-of-attack aerodynamics are inherently asso-
ciated with separated flows and nonlinear aerodynamics [1]. Resis-
tance to departure from the controlled flight, ability to control the
aircraft at high-angle-of-attack combatmaneuvers, and allowance for
unlimited angle-of-attack range are the major concerns that a super-
maneuverablefighter should have. There are certain requirements for
fighters that they should be able to perform velocity vector roll [2,3],
Cobra [4,5], and Herbst [6–8] maneuvers and realize a nose pointing
(or cueing) maneuver to allow a missile lock-on and fire. Thus, the
demand for increased agility and maneuvering has led to the neces-
sity of high-angle-of-attack flight. This necessity in turn has led to the
development of agile and supermaneuverable aircraft such as Harrier
AV-8,YakovlevYak-141, Sukhoi Su-27, Su-37, F-35B, andF-22.On
the other hand, the demand for increased agility andmaneuverability
has also led to the development of research programs such as X-31A
enhanced fighter maneuverability [9,10], F-16 multi-axis thrust
vectoring [11], X-29A vortex flight control system [12], and NASA
High-Alpha Technology Program [13].

During rapid high-angle-of-attack maneuvers, unsteady aero-
dynamic effects (which have a crucial impact on the aircraft flight
dynamics, including stability and control) are extremely important.
Because the aircraft is operating at highly nonlinear flow regimes
with substantial angular rates, the prediction of departures from a
stall-safe flight and the related complex dynamics should receive
increased attention. Several studies exist in this area, including
development of guidelines for preliminary design [14], improved
testing techniques [15], and improved analysis techniques (e.g.,
prediction of falling-leafmotions) [16], and simulation-based predic-
tive capabilities [17].

The aim of the designed controller, which is presented in this
paper, is to enhance the rapid maneuvering capability of the aircraft
in the high-angle-of-attack flight and to bring the capability to make
automated rapid maneuvers in that flight regime. Hence, the aircraft
will have considerable tactical advantages by the automated and en-
hanced poststall capability in air-to-air combat. However, as men-
tioned earlier, as the aircraft operate at highly nonlinearflow regimes,
the aircraft dynamics become more nonlinear, uncertain, unstable,
and unpredictable. Hence, designing flight control laws for poststall
flight at high angles of attack is a challenging task. Here, the non-
linearities typically arise from both the aerodynamics and the inertial
coupling terms [18–20].

The conventional approach to designing a flight control law for
operations in a wide envelope is to schedule the controller gains
as functions of slow-varying entities such as VT , h, �, �, etc.
Nevertheless, gain scheduling with respect to rapidly changing
variables (such as �, �, and �) can often lead to stability and
performance problems at high angles of attack. Furthermore, design-
ing the gain-scheduling schemes and tuning them are quite difficult
and time-consuming [21,22].

In this paper, the controller design is based on the nonlinear
dynamic inversion (NDI) technique. This technique uses the control
inputs to cancel out the nonlinear state equations and replace them
with desirable linear equations. Thus, it becomes possible to control a
nonlinear system without requiring its linearized model. The inver-
sion transformation provides an inherent gain scheduling, and this
eliminates a tedious gain-scheduling procedure to be developed
for the linearized model [23,24]. The NDI technique is simple in
principle, but in the case of flight control, the system to be inverted is
generally underactuated and thus not invertible. As a remedy, an
effectivemethod known as time-scale separation is developed to skip
such singularity problems and applied successfully, together with
NDI controllers [25–31]. In Sec. II, brief explanations are given
about the NDI technique, the time-scale separation method, and the
assignment of the inverted plant dynamics as desired. Although NDI
is quite an effective controller design technique, it is very sensitive to
uncertainties and unmodeled features of the plant dynamics and

therefore does not readily guarantee the robustness of the closed-loop
system.This necessitates that itmust be accompanied by a robustness
analysis. A brief explanation about the robustness issues is also given
in Sec. II.

The present study starts with the modeling of the aircraft
dynamics. The effect of the rotating engine parts is also included in
the modeling. Then the detailed modeling of the aerodynamic forces
and moments, the engine thrust, and the aerodynamic and thrust
control effectors are presented, together with the dynamic and error
models of the onboard sensors.

To achieve the desired automatedmaneuvers, the attitude angles of
the aircraft are to be controlled. For this purpose, both the aerody-
namic and the thrust-vectoring control effectors can be used in a
properly sequenced manner. The sequence is arranged so that the
aerodynamic control is switched on during an ordinary flight phase,
but the thrust-vectoring control (TVC) is switched on when the aero-
dynamic control becomes ineffective for a critical maneuver. As a
part of the control process, the desired forces and moments are
computed using the specified values of the desired accelerations.
Then the desired deflections of the control effectors (i.e., the aero-
dynamic control surfaces or the TVC paddles) are determined corre-
sponding to the computed desired forces and moments.

Finally, the robust performance analysis is carried out for the
proposed controller. The details of this analysis can be seen in Sec. V.
In this analysis, the effects of the aerodynamic uncertainties are ana-
lyzed for two different cases. In the first case, the aerodynamic coef-
ficients are treated as if they are completely unknown (i.e., as if they
have 0% certainty). This unusual assumption is proposed and inves-
tigated for the first time in this paper. In the second case, the aerody-
namic coefficient model accuracy is maintained at a certain level
and the robustness analysis is repeated. Afterward, the stability and
performance of the proposed controller is verified by means of a
numerical simulation of a selected high-� maneuver. The results
show that the designed controller can be stable and robust if the
confidence level of the aerodynamic uncertainties is above a certain
minimum.

II. Nonlinear-Dynamic-Inversion-Based Flight Control

The first step in any aircraft control law design is to determine the
required forces and moments that are expected to be realized by the
control effectors. This can be done by using the NDI approach [25–
28]. This approach depends on the direct manipulation of the
equations of motion to cancel out the nonlinear terms in the dynamic
equations and generate control laws yielding the desired responses
for the achievement of the desiredmaneuvers. The controlled outputs
are generally taken as the body angular rates. However, the angle of
attack and the sideslip angle are also carefully monitored.

The NDI technique is used extensively in designing flight control
systems [22–31]. This controller design technique uses the infor-
mation about the nonlinear dynamics of the aircraft. The resulting
nonlinear controller becomes valid for thewhole flight envelope, and
therefore there is no need to apply any gain scheduling. Other impor-
tant features of this design technique can be stated as the decoupling
of the longitudinal dynamics from the lateral dynamics even at a
high-� flight [29], the independent assignment of the closed-loop
dynamics for each output channel, and the convenience of design-
ing simple and conventional controllers for the decoupled output
channels.

A. Time-Scale Separation Method

Even though the basic dynamic inversion process is simple, in
flight control problems, the number of the state variables to be
controlled is generally larger than the number of the control
variables; that is, the system is underactuated and thus is not
invertible. To bypass this singularity of dynamic inversion, the time-
scale separation method can be used as a remedy. This method is
explained subsequently.

In the aircraft control literature, because the control effectiveness
on the angular variables � ; �; �; �; �� is rather low, they are
considered as the slow dynamics variables. On the other hand, the
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control effectiveness on the angular velocity components �p; q; r� is
comparatively higher, and therefore they are considered as the fast
dynamics variables. The separation of the fast and slow dynamics is
generally known as the two-time-scale separation method. A system
that is separable this way (i.e., an aircraft) can be represented by the
following kinds of two generic differential equations such that the
control input appears in only one of them:

_�x 1 � �f1� �x1� � B̂1� �x1� �x2 (1a)

_�x 2 � �f2� �x1; �x2� � B̂2� �x1; �x2� �u (1b)

To control the generic system shown previously, as the first step,
for a desired value �x1d of �x1, the commanded value of the time rate of
change of �x1 (_�x1c) is calculated. This operation is shown in the s
domain as

s �X1c�s� � Ĝ1�s�� �X1d�s� � �X1�s��

Here, Ĝ1�s� is the controller transfer matrix to be generated for the
slow dynamics represented by Eq. (1a). Then _�x1c is used to calculate
the desired value �x2d of �x2 as

�x 2d � B̂�11 � �x1��_�x1c � �f1� �x1��

provided that B̂1� �x1� is not singular. As the second step, the
commanded value of the time rate of change of �x2 (_�x2c) is calculated.
This is shown in the s domain as

s �X2c�s� � Ĝ2�s�� �X2d�s� � �X2�s��

Here, Ĝ2�s� is the controller transfer matrix to be generated for the
fast dynamics represented byEq. (1b). Finally, _�x2c is used to calculate
the control input �u as

�u� B̂�12 � �x1; �x2��_�x2c � �f2� �x1; �x2��

provided that B̂2� �x1; �x2� is not singular or ill-conditioned. This
control method is illustrated in Fig. 1.

B. Assignment of the Desired Dynamics to the Closed-Loop System

The controller transfer matrices define the desired dynamics of the
closed-loop system controlled by using the NDI technique. Because
of the closed-loop performance requirements and varying plant char-
acteristics, different desired dynamics assignments can be enforced
in the design approach. Generally, the desired closed-loop dynamics
are formed by using the proportional (P) and the proportional with
integral (PI) control schemes [27–31].

In the P control scheme, considering a first-order system as an
example, the time rate of change of the controlled variable x is
assigned to the desired dynamics as _xc � kp�xd � x�. Here, kp sets
the bandwidth of the closed-loop response by placing a single pole (at
s��kp) for the closed-loop transfer function. The closed-loop
transfer function bandwidth must be selected to satisfy the specified
closed-loop performance requirements and must not exceed the

physical capabilities (limits on position, rate, power, etc.) of the
control actuator.

If the P control law cannot create satisfactory closed-loop control
performance, then a higher-order control law can be used. In the NDI
applications, a commonly used higher-order control law is PI. It is
particularly popular in the NDI literature concerned with fighter
aircraft examples [30]. In this case, considering the previous example
again, the time rate of change of the controlled variable x is assigned
to the desired dynamics as

_x c � kp�xd � x� � ki
Z
t

0

�xd � x�d�

Here, kp and ki set the bandwidth and damping properties of the
closed-loop response by placing complex conjugate pole pairs at

s1;2 ��!nd	d � j!nd�1 � 	2d�1=2

for the closed-loop transfer function. Assigning desired values 	d and
!nd to the damping ratio and the natural frequency of the closed-loop
system, the controller gains can be calculated as kp � 2	d!nd and
ki � !2

nd.
In the aeronautical control applications, the desired dynamics can

also be specified in terms of the flying-quality and ride-quality levels
[30]. MIL-STD-1797A [32] contains the flying-quality specifica-
tions for different vehicle classes and mission types. Based on this
information, the proper time-domain characteristics corresponding
to a desired flying-quality level (characterized by the damping ratio
and the natural frequency of the closed-loop system) can be selected
and the proper values for the control gains can be determined.

C. Robustness Analysis

Because the NDI controller design is based on canceling the
nominal values of the nonlinear terms, it is very sensitive to the
parameter uncertainties and the unmodeled dynamics. In other
words, the robustness of the NDI-based control system may not be
guaranteed in the presence of parameter uncertainties and unmodeled
dynamics. Therefore, it is necessary to complement the nonlinear
flight controller design process with the robustness analysis [33–35].

A control system is robust if it is insensitive to the differences
between the actual system and themodel of the system used to design
the controller. These differences are generally referred to as the
model-plant mismatch or the model uncertainty. Hence, to analyze
the performance of the controlled system, themodeling uncertainties
must be identified and their mathematical representations must be
established. Then the stability and performance of the system can be
checked to see whether they satisfy the robustness criteria.

Finding theH1 norm of a system and measuring the performance
in terms of the calculated value brings certain advantages in dealing
with the uncertainties in the system [36]. Denoting the open-loop
plant matrix, without the uncertainties, with P̂, the already synthe-
sized controller matrix with K̂, the controlled closed-loop system
with M̂, and the uncertain model perturbations with a block diagonal
matrix �̂� diag��i�, the robust performance analysis can be
pursued as described subsequently by constructing the linear
fractional transformation (LFT) structure of the controlled system

2xcx2

[ ]),(),(ˆ
212221

1
2 xxfxxxB c −− ∫ dt

2x
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)(ˆ
2 sG

[ ])()(ˆ
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1
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1 sG

cx1

dx1

_

+

PlantNDI Controller 

dx2
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Fig. 1 Block diagram of a closed-loop system controlled by using NDI with time-scale separation.
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with parameter uncertainties. The LFT structure is illustrated in
Fig. 2.

In Fig. 2, �n is the noise or disturbance vector and �e is the vector of
the error signals. The error signals are generally chosen as the
differences between the desired command values and the outputs of
the system. However, it is possible that, due to the design consid-
erations, they can be chosen as the differences between the outputs of
the system and the outputs of the desiredmodel plant subjected to the
same inputs as the controlled plant. The vectors �w and �z define the
signals between the system of uncertain model perturbations �̂ and
the system. Here, if the aim is to design a robust controller, then the
open-loop plant P̂ is used in the LFT block diagram structure. On the
other hand, if the aim is the robustness analysis of an already
controlled system, then the closed-loop plant M̂ (i.e., P̂ controlled
with K̂) is chosen. To analyze the effects of the noise disturbance �n
and the parametric uncertainty �w signals on the closed-loop system
performance separately, the system matrix M̂ can be decomposed
into subsystem matrices by defining the upper LFT representation
of M̂ as

F̂ u�M̂; �̂�≜ M̂22 � M̂21K̂�Î � M̂11�̂��1M̂12

The H1 analysis is very conservative for realistic problems with
structured uncertainties, because the structure of the uncertainty
block �̂ is not taken into account. Thus, to define a less conservative
measure, the structured singular value � is introduced [36–40],
which is defined as

��M̂�≜ �minf �
��̂�j det�Î � M̂ �̂� � 0 for structured �̂g��1

Here, an exact solution for � cannot be found, but approximate
solutions can be found that constitute upper and lower bounds on �.
Solutionmethods that give upper bounds for� are explained in detail
in the literature [37–40].

To test the robust performance of an already controlled system, the
uncertain controlled system is first arranged into a F̂u�M̂; �̂� LFT
structure such that k�̂k1 	 1 8 !. Then, using the frequency
response of the constructed LFT structure, the structured singular
value of robust performance (��RP) can be calculated. If the peak of
��RP (i.e., �peak) across all frequencies is less than 1, then the

F̂u�M̂; �̂� system is said to satisfy the nominal performance, robust
stability, and the robust performance [40].

III. Modeling the Fighter Aircraft

A. Modeling the Aircraft Dynamics

For the dynamic model of the fighter aircraft shown in Fig. 3, the
model presented in a previous work of the authors [41] is used.
Hence, the Newton–Euler equations describing the rigid-body
motion of the aircraft can be combined into a single augmented
matrix equation as

� _u _v _w �T
� _p _q _r �T

� �
� �F� Ĝ

�F�b�L
�F�b�R

� �
� Ĥ

�F�b�a
�M�b�a

� �
(2)

Here, u, v, andw are the translational velocity components expressed
in the body-fixed frame and p, q, and r are the angular velocity
components expressed in the body-fixed reference frame. Also,

�F �b�L � TLR̂3� L�R̂2��L� �u1

and

�F �b�R � TRR̂3� R�R̂2��R� �u1
are the thrust force vectors with magnitudes TL and TR. The azimuth
and elevation angles of �F�b�L and �F�b�R with respect to the body-fixed
reference system are denoted by the pairs f L;  Rg and f�L; �Rg. The
aerodynamic force and moment vector components expressed in the
body-fixed frame, created on the aircraft during its flight, are denoted
with �F�b�a and �M�b�a . The locations of the thrust forces are denotedwith
respect to the origin of the body-fixed reference frame with the
positionvectors �rbeL and �rbeR . The position of the aircraft with respect
to the Earth-fixed reference frame is denoted with �rob.

The details of the matrices �F, Ĝ, and Ĥ used in Eq. (2) are shown
next:

�F�
� ~!�b�b=o �v

�b�
b=o � gĈ

�b;o�
�u3

�Ĵ�1 ~!�b�b=oĴ �!
�b�
b=o

2
4

3
5; Ĝ�

Î=m Î=m

Ĵ�1 ~r�b�beL Ĵ�1 ~r�b�beR

" #

Ĥ �
Î=m 0

0 Ĵ�1

" #
(3)

Here, the mass of the aircraft is denoted withm, the inertia tensor of
the aircraft is expressed by the matrix Ĵ� Ĵ�b� in the body-fixed
frame, the gravitational acceleration is denoted with g, and Ĉ�b;o� is
the rotation matrix from the Earth-fixed reference frame to the body-
fixed reference frame. It is expressed using the yaw–pitch–roll Euler
angles � ; �; ��. The translational velocity of the aircraft with respect
to the Earth-fixed reference frame expressed in the body-fixed frame
is denoted with �v�b�b=o, and the angular velocity of the aircraft with re-
spect to the Earth-fixed reference frame expressed in the body-fixed
frame is denoted with �!�b�b=o.

In this study, the dynamic model of the fighter aircraft is enhanced
with respect to the model in [41] by adding the effect of the angular
momentum, arising from the rotating parts of the engines spinning at
high speeds. The resulting modified version of Eq. (2) is shown next:

� _u _v _w �T

� _p _q _r �T

" #
� F̂� Ĝ

�F�b�1

�F�b�2

" #
� Ĥ

�F�b�a

�M�b�a

" #

�
�0

� _pe _qe _re �T

" #
(4)

Here, � _pe _qe _re �T arises due to the angular momentum Je!e of
the rotating engine parts and it is expressed as follows, assuming that
!e varies slowly compared with the aircraft dynamics:

_pe

_qe

_re

2
64

3
75� Ĵ�1

0 �r q

r 0 �p
�q p 0

2
64

3
75

Je!e

0

0

2
64

3
75

�
�Jxz=��JxJz � J2xz��qJe!e�

��1=Jy��rJe!e�
�Jx=��JxJz � J2xz��qJe!e�

2
64

3
75 (5)

ne

∆̂z w

=
2221

1211
ˆˆ

ˆˆ
ˆ

PP

PP
P

y
K̂

u

ne
=

2221

1211
ˆˆ

ˆˆ
ˆ

MM

MM
M

∆̂z w

⇔

Fig. 2 LFT block diagram. Fig. 3 Definition of the forces,moments andvectors on the aircraft [41].
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It is obvious from Eq. (5) that the angular momentum originating
from the rotating parts of the engines will induce undesired angular
accelerations � _qe; _re� on the axis perpendicular to the axis of instant
motion �r; q�. Hence, the pilot/autopilot will have more workload to
suppress this undesirable disturbing effect during a maneuver.

B. Modeling the Aircraft Engines

Each engine of the aircraft is modeled as a first-order dynamic
system with _Pa � �1=�eng��Pc � Pa�. Here, Pa is the actual power
output and Pc is the commanded power demand. The engine time
constant �eng is scheduled to achieve a satisfactory engine dynamics.
PcL;R are computed as functions of the throttle positions of the left and
right engines (�thL;R ). The resultant total thrustTL;R for the left or right
engines of the aircraft can be estimated using the following approx-
imate formula,which involves the idle,military, andmaximum thrust
values as functions of the Mach number, the altitude, and the actual
power of the engine [41–43]:

PcL;R��thL;R� �
�
�64:94��thL;R if �thL;R 	 0:77
�217:38��thL;R � 117:38 if �thL;R > 0:77

(6)

TL;R�M;h;PaL;R��8<
:
Tidle�M;h�� �Tmil�M;h� � Tidle�M;h���

PaL;R
50
� if PaL;R < 50

Tmil�M;h�� �Tmax�M;h� � Tmil�M;h���
PaL;R�50

50
� if PaL;R 
 50

(7)

The fighter aircraft considered in this study originally does not
have the capability of thrust-vectoring. Thus, it is virtually fitted with
a thrust-vectoring actuation system similar to those used in the
X-31A and NASA F-18 HARV aircraft. It employs three radially
displaced postexit vanes on each nozzle exit of the right and left
engines. Therefore, thrusts of the right and left engines can be
deviated individually. The details of themodeling and the hexagonal-
shaped envelope generated to define the transformation between the
thrust-vectoring paddle deflections and the resultant thrust deviation
angles can be found in [41]. All three paddles of each engine are
assumed to deflect 30 deg at most. The corresponding maximum
values of the lateral  L;R and longitudinal �L;R thrust deviations are
30 and 20 deg, respectively. As for the mechanization of the three

thrust-vectoring paddles, which are located at the nozzle exits of the
engines, they are actuated independently. The actuator dynamics are
modeled as a first-order system with a bandwidth frequency of
fnT � 30 Hz.

C. Modeling the Aerodynamics

In this study, the aerodynamic control of the aircraft is achieved
with the elevator, aileron, and rudder deflections ��e; �a; �r�. The
aerodynamic data [42] are constructed so that there is no ground
effect, the landing gears are retracted, and there are no external stores.
The aerodynamic coefficients �Cx; Cy; Cz; Cl; Cm; Cn� are built as
functions of the angle of attack �, the sideslip angle �, the body
angular velocity components �p; q; r�, and the control surface
deflections ��e; �a; �r�. The polynomial fits are computed separately
for the regions �15 deg 	 � 	 15 deg, 15 deg<� < 30 deg, and
30 deg 	 � 	 90 deg. Also, the yaw and pitch moment coefficients
�Cn; Cm� are corrected with respect to the changing position of the
center of gravity due to the fuel consumption during the flight. The
aerodynamic control surfaces are limited to �21 deg 	 �e 	 7 deg,
�16 deg 	 �a 	 16 deg, and �30 deg 	 �r 	 30 deg.

Using the aerodynamic data, a preanalysis of the stall tendency
of the modeled aircraft is carried out by calculating the stall indica-
tion parameters Cn�dyn and the lateral control departure parameter
(LCDP). For a stall-safe region, both of these parameters shall have
positive values. The expressions of the stall prediction parameters are
given as

Cn�dyn � Cn� cos��� � �Jz=Jx�Cl� sin���

and

LCDP � Cn� � Cl��Cn�a=Cl�a�

Here,Cn� andCl� are the sensitivities of the yaw and roll moments to
the sideslip angle, and Jz and Jx are the inertia components of the
aircraft along the z and x axes of the body-fixed frame. The variations
of Cn�dyn and LCDP vs � together with the Bihrle–Weissmann
chart are shown in Fig. 4. When this figure is examined, for
p� r� �� 0, the stall-free region is observed to be encountered
for�15 deg 	 � 	 22 deg. Nevertheless, for � 
 17 deg, weak spin
resistance and roll reversals can be seen. As the angle of attack is
increased further, the roll reversals and flow separation become

Fig. 4 Cn�dyn, LCDP, and the integrated Bihrle–Weissmann chart for the fighter aircraft.
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effective and the control effectiveness decreases. The regions such
that 30 deg 	 � 	 45 deg and 45 deg 	 � are counted as poststall
and deep-stall regions.

D. Modeling the Aircraft Sensors

Because the dynamics and noise characteristics of the feedback
sensors have a crucial part in the robustness analysis of the proposed
controller, their models are also taken into account. In this study,
models are built for the inertial navigation system (INS) and the set of
sensors that constitute the inertial measurement unit (IMU).

The INS mainly consists of an IMU containing a cluster of sen-
sors (three accelerometers and three gyroscopes) and a navigation
computer. The inertial sensors are rigidlymounted to a common base
within the IMU to maintain the same relative orientations. The
navigation computer calculates the estimates of the attitude, velocity,
and position of the host vehicle by integrating the angular velocity
and translational acceleration information coming from the IMU.
Although an INS is a preferable system because of being immune to
jamming and inherently stealthy, due to the integration of the errors in
the inertial sensors, the navigation errors grow with time. This is
compensated by the usage of aiding sensors together with the inertial
sensors. A modern fighter aircraft normally has a hybrid INS that is
aided with other sensors such as a Global Positioning System, an
altimeter, true airspeed sensors, a Doppler radar, etc. This brings the
opportunity to suppress the growth of the navigation errors and limit
them within certain bounds. This is typically done by fusing the
information coming from the aiding sensors with the calculated
navigation results and estimating the errors of the inertial sensors by
applying Kalman filtering [44].

The errors of an INS have both deterministic and stochastic
features caused by the operation principles of the inertial sensors of
the IMU. The well-known errors are the bias, the instability of the
bias, the scale factor, and the misalignment errors. However, the bias
and the bias instability errors are more important than the others,
because a notable amount of calibration work is normally done in the
laboratories to eliminate the other errors before the products are
released.

The measurement errors of the angular velocity components
�p; q; r� with a gyroscope triad in an IMU can be modeled by using
the bias and the bias instability errors. For example, themeasurement
of the roll rate gyroscope can be expressed as

pm�t� � p�t� � bp � np�t�

Here, bp is the bias term, which is modeled to be constant, and np�t�
is the stochastic bias instability term, which is modeled as if it is
generated using a first-order Gauss–Markov process as a shaping
filter: that is, Tp _np�t� � np�t� �wp�t�. Here, Tp is the time constant
of the first-order Gauss–Markov process, and wp�t� is a white
Gaussian noise [45]. The gyroscopes for the pitch and yaw rates (q
and r) are also modeled to have similar error characteristics.

As mentioned before, the attitude is calculated by fusing the IMU
and the aiding sensor measurements by means of a Kalman filter.
Thus, the inertial sensors become calibrated in a sense and the
navigation errors are maintained to be within tolerable finite bounds.
Similar to the angular velocity measurements, these bounded errors
on the attitude angles have both deterministic and stochastic features.
Furthermore, it is obvious that the navigation and the filtering
calculations take some time, and therefore the Euler angles become
available with a time lag. This suggests that the attitude mea-
surements should be modeled as the outcomes of conceptual sensors
with first-order dynamics. For example, for the roll angle �, the first-
order sensor dynamics are expressed as TINS _�

0�t� � �0�t� � ��t�.
Here,TINS is the assumed time constant and�0�t� is the lagged output.
As for the error modeling, similar to the roll rate p measurement of
the IMU, the roll angle measurement is expressed as �m�t��
�0�t� � b� � n��t�. Here, b� is the bias term, which is modeled to be
constant, and n��t� is the stochastic bias instability term, which is
modeled as if it is generated using a first-order Gauss–Markov

process as a shaping filter. The INS outputs for the pitch and
yaw angles (� and  ) are also modeled to have similar error
characteristics.

IV. Controller Design Based on Nonlinear
Dynamic Inversion

In this study, the aerodynamic and thrust-vectoring controllers
(based on NDI) are designed separately to command the aerody-
namic control surfaces and the thrust-vectoring paddles. The thrust-
vectoring controller is designed to be turned on whenever the
aerodynamic controller loses its effectiveness due to excessive angle-
of-attack values. Therefore, when the thrust vector controller is
turned on, the aerodynamic controller is turned off and the aerody-
namic surfaces are retracted to their neutral positions. In such a case,
the aircraft is controlled only by using the thrust forces TL and TR
generated by the two engines and the thrust vector deviation angle
pairs ��L; �R� and � L;  R�.

The aim of the designed controller is to control the instantaneous
attitude of the aircraft to perform the desired maneuvers at a high-�
flight. To maneuver the aircraft as such, the yaw, pitch, and roll
attitudes of the aircraft shall be controlled. Hence, the commanded
control surface deflections ��ac; �ec; �rc� for the aerodynamic control
case and the commanded thrust vector deflections ��Lc; �Rc� and
� Lc;  Rc� for the thrust-vectoring control case shall be tied up to the
desired yaw–pitch–roll attitudes of the aircraft. This is done in two
steps, as described subsequently.

In the first step, the desired yaw, pitch, and roll attitudes of the
aircraft are related to the commanded angular accelerations by using
the slow-varying dynamic part of the two-time-scale separation
scheme. In the second step, the commanded angular accelerations are
related to the deflection angles of either the aerodynamic control
surfaces or the TVC paddles by using the fast-varying dynamic part.

For the slow-varying dynamic part (i.e., for the attitude angles), the
PI control law is used and named as the attitude controller. As for the
fast-varying dynamic part (i.e., for the angular velocity compo-
nents), the P control law is used and named as the angular velocity
controller. Referring to the desired attitude angles ��d; �d;  d�, the
error vector �e�t� is defined as the difference between the desired
and the instantly measured attitude angles of the aircraft. Then,
implementing a PI controller with constant gain matrices K̂p �
diag�Kp�; Kp�; Kp � and K̂i � diag�Ki�; Ki�; Ki �, the commanded
rates of the roll, pitch, and yaw angles are calculated as follows:

_�c�t�
_�c�t�
_ c�t�

2
664

3
775� K̂p �e�t� � K̂i

Z
t

0

�e�t0�dt0

�e�t� �
�d�t� � �m�t�
�d�t� � �m�t�
 d�t� �  m�t�

2
64

3
75 (8)

Next, recalling the kinematic relationships between the angular
velocity components and the derivatives of the attitude angles, the
commanded values pc, qc, and rc can be calculated from _�c, _�c, and
_ c as shown next:

pc
qc
rc

2
4

3
5� 1 0 �s�m

0 c�m c�ms�m
0 �s�m c�mc�m

2
4

3
5 _�c

_�c
_ c

2
4

3
5 (9)

Afterward, �er�t� is defined as the difference between the
commanded and the measured values of the angular velocity
components. Then, implementing a P controller with the gain matrix
K̂d � diag�Kd�; Kd�; Kd �, the commanded angular accelerations
� _pc; _qc; _rc� are calculated as follows:
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_pc�t�
_qc�t�
_rc�t�

2
4

3
5� K̂d �er�t�; �er�t� �

pc�t� � pm�t�
qc�t� � qm�t�
rc�t� � rm�t�

2
4

3
5 (10)

Equations (8–10) are represented as a block diagram, shown in
Fig. 5.

If the aerodynamic control is to be used, the command values for
the aerodynamic forces and moments can be calculated by using
the dynamic inversion control law. Thus, for the commanded
translational and angular accelerations and with undeflected TVC
paddles, the following inverted equation can be written based on
Eq. (4):

�F�b�ac
�M�b�ac

� �
� Ĥ�1

�
� _uc _vc _wc �T
� _pc _qc _rc �T

� �
� �F � Ĝ �TL 0 0 �T

�TR 0 0 �T
� ��

(11)

In Eq. (11), because there is not any particular control demand on
the velocity vector, the command values of the translational
accelerations � _uc; _vc; _wc� are taken to be zero. Furthermore, the terms
related to the angular momentum of the rotating engine parts are not
taken into account. They are treated as unknown disturbance terms.

On the other hand, the aerodynamic moment components can
be expressed as M�b�ax � �QdSb�Cl, M�b�ay � �QdS �c�Cm, and M�b�az �
�QdSb�Cn. Here, Cl, Cm, and Cn are the aerodynamic moment
coefficients; Qd is the dynamic pressure; S is the surface area of
the wing planform; �c is the mean chord length; and b is the span of
the wings. Cl, Cm, and Cn can be related to the control surface
deflections as

Cl � C0l��; �; p; q; r� � Cl�a��; ���a � Cl�r ��; ���r (12a)

Cm � C0m��; �; p; q; r� � Cm�e��; ���e (12b)

Cn � C0n��; �; p; q; r� � Cn�a��; ���a � Cn�r ��; ���r (12c)

Hence, upon obtaining �M�b�ac using Eqs. (11) and (12) gives the
commanded aerodynamic control surface deflections as

�ac
�ec
�rc

2
4

3
5� Cl�a 0 Cl�r

0 Cm�e 0

Cn�a 0 Cn�r

2
4

3
5�1 M�b�axc=�QdSb� � C0l

M�b�ayc=�QdS �c� � C0m
M�b�azc=�QdSb� � C0n

2
4

3
5 (13)

If the thrust-vectoring control is to be used, the command values
for the thrust forces, to be generated by the left and right engines, can
again be calculated by using the dynamic inversion control law. In
this case, for the commanded translational and angular accelerations
and with undeflected aerodynamic control surfaces, the following
equation can be written again based on Eq. (4):

�F�b�c
�M�b�c

� �
� Ĥ�1

�
� _uc _vc _wc �T
� _pc _qc _rc �T

� �
� �F � Ĥ

�F�b�a
�M�b�a

� ��
(14a)

Here, the terms related to the angular momentum of the rotating
engine parts are again not taken into account, because of the same
reason mentioned earlier. On the other hand, it can be shown that

�F�b�c
�M�b�c

� �
� Î Î

~r�b�beL ~r�b�beR

� �
�F�b�Lc
�F�b�Rc

� �
(14b)

Here, �F�b�c and �M�b�c are the necessary force and moment vectors to
realize the commanded accelerations. Because the coefficient matrix
in Eq. (14b) is rank-deficient, the consistency of this equation is
satisfied by allowing freedom for certain components of �F�b�c
and �M�b�c [41]. Defining the left and right engine nozzle exit loca-
tions by the position vectors �r�b�beL � � ex ey ez �T and �r�b�beR�
� ex �ey ez �T , the consistency of Eq. (14b) necessitates the
following constraint equation:

M�b�yc ��exF�b�zc � ezF�b�xc (14c)

This equation, in turn, necessitates that only two of the three
acceleration components � _u; _w; _q� can be commanded arbitrarily and
the third one must obey the constraint dictated by Eq. (14c). In this
study, _qc is already determined by Eq. (10) as a result of the required
angular maneuver, and _uc and _vc are taken to be zero, as mentioned
following Eq. (11). Consequently, _wc is calculated depending on
these values of _qc and _uc. Then the control allocation between the left
and right engine command values for the thrust forces �F�b�Lc and �F�b�Rc
are calculated by using the table of achievable desired forces and
moments given in [41]. Afterward, their spherical components
fTLc;  Lc; �Lcg and fTRc;  Rc; �Rcg can be determined. Then, using
TLc and TRc and taking PaLc � PcLc and PaRc � PcRc , the throttle
positions �thLc and �thRc can be found fromEqs. (6) and (7). As for the
six thrust-vectoring paddle deflections ��Lc�1;2;3�; �Rc�1;2;3��, they are
determined by using the transformation between them and the
commanded thrust deviation angles, as explained in [41].

The aerodynamic controls can effectively be used in flight regimes
with low to moderate angles of attack. However, they are ineffective
in flight regimes with high angles of attack. Hence, at stall/poststall
conditions, it is beneficial to use the thrust-vectoring control. So, for
challenging flight maneuvers, the aerodynamic and thrust-vectoring
controls are used together. The blending strategy is basically
dependent on the saturation of the aerodynamic control surfaces
��e; �a; �r�. They are monitored together with the estimated values of
Cn�dyn and LCDP continuously and checked whether they are
saturated and/or the stall indication parameters are negative. For
example, whenever the ailerons saturate, they are commanded to
their neutral positions; thereafter, the roll motion of the desired
maneuver is achieved by TVC until the aerodynamic control algo-
rithm yields an unsaturated aileron command again. The same is also
true for the rudder and elevator surfaces. IfCn�dyn and LCDP indicate
that the aircraft is in a stall-safe region, as depicted in Fig. 4, then the
elevators are commanded to their trim positions corresponding to that
instant of the flight. Based on the preceding discussion about switch-
ing between the aerodynamic and thrust-vectoring controls, the NDI
block diagram that describes the process initiated by the commanded
angular accelerations is shown in Fig. 6.

Assuming that there are no uncertainties and no saturations due to
the limitations on the control effectors, the NDI approach produces a
linear system of three independent and decoupled free integrators
between the _pc, _qc, and _rc and the �m, �m, and  m channels. This is
shown with the angular acceleration command generator in Fig. 7.

Hence, considering the attitude and the angular velocity controller
together, the ideal closed-loop transfer functions can be written as
follows:
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Fig. 5 Angular acceleration command generator.
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�m�s�
�d�s�

�
Kd��Kp�s� Ki��

s3 � Kd�s2 � Kp�Kd�s� Ki�Kd�
�m�s�
�d�s�

�
Kd��Kp�s� Ki��

s3 � Kd�s2 � Kp�Kd�s� Ki�Kd�
 m�s�
 d�s�

�
Kd �Kp s� Ki �

s3 � Kd s2 � Kp Kd s� Ki Kd 

To calculate the diagonal gain matrices K̂p, K̂i, and K̂d, the poles
of the desired closed-loop dynamics of the attitude angles should be
specified. Here, these poles are specified as three sets, in which each
one consists of a complex conjugate pole pair and a real pole, as
shown next:

f�!n���� � j�1 � �2��1=2�;�!0n�g; f�!n���� � j�1 � �2��1=2�;�!0n�g
f�!n �� � j�1 � �2 �1=2�;�!0n g

The calculation of the controller gain matrices corresponding to
the preceding poles selected is explained in [41]. The poles of the
desired closed-loop dynamics for the attitude control must be select-
ed considering the desired agility and the robust performance of the
aircraft.

V. Robust Performance Analysis

In the previous section, it is mentioned that without the plant
uncertainties, disturbances, and saturations, the NDI method de-
scribed in Fig. 6 will produce a linear system of three independent
and decoupled free integrators (i.e., a perfectly inverted system).
However, when disturbances and modeling uncertainties exist, the
inverted systemwill deviate from the ideally inverted system. Hence,
by linearizing the inversion loop with ideal NDI [i.e., Eqs. (11) and
(14)], but by adding the modeling uncertainties in the aircraft
dynamics, the resultant perturbed system can be obtained. Further-
more, by subtracting the ideal system equations from those of the
perturbed system, the uncertainties can be represented as linear addi-
tive uncertainties. Thus, any robust performance analysis method
using linear systemmatrices can be applied on the perturbed system.
Motivated by this idea, the robust performance analysis is carried out
by linearizing the system depicted in Fig. 6 at a representative flight
condition and applying the structured singular-value � analysis.

For the purpose of robustness analysis, first, the trim values of the
total thrust force T0, the angle of attack �0, the sideslip angle �0, and
the aerodynamic control surfaces ��a0; �e0; �r0� are calculated by
solving the Newton–Euler equations, given in Eq. (2), at the desired
altitude h0, Mach number M0, and ��0; �0�. Throughout the
calculations, due to the nonlinearity of the Newton–Euler equations,
it is possible to obtainmultiple solutions. Hence, the trimming results
are chosen as the physically realizable ones of themultiply calculated
values of �a0, �e0, �r0, �0, and T0. In other words, if the calculated
aerodynamic control surface deflections are not within the saturation
limits, the total thrust is not within the capabilities of the engine and
the angle of attack is not within the region for which the aerodynamic
coefficients are associated with, then they are not counted as the
feasible solutions of the trimming algorithm. Applying the trimm-
ing algorithm as mentioned, the trim points are calculated for

0 m 	 h0 	 15; 000 m, 0:1 	 M0 	 1:5, and �0 � �0 � p0�
q0 � r0 � 0.

After the determination of the trim points, the system depicted in
Fig. 6 is linearized around these points. Note that the controlled
system consists of twomain parts, as shown in Fig. 8. The first part is
composed of the control software components: that is, the NID
algorithm as expressed by Eqs. (11) and (14), the aerodynamic
control algorithm, and the thrust-vectoring control algorithm. The
second part is composed of the plant (aircraft), the engines, the
actuators, and the sensors. In Fig. 8, �x� �u v w p q r �T
and _�xc � � _uc _vc _wc _pc _qc _rc �T .

Referring to Fig. 8, two sets of transfer matrices can be calculated.
The first set can be calculated by linearizing the system with the
nominal parameters of the hardware and software components that
are in common. As for the second set, the common parameters can be
kept nominal in the software components, but they can be perturbed
in the hardware components. By subtracting the system matrices of
the perturbed system (i.e., the second set) from those of the nominal
system (i.e., the first set), the additive uncertainties associated with
the ideally inverted system (with nominal plant parameters) can be
calculated. The details are explained subsequently.

The nonlinear system in Fig. 8 can be represented by a nonlinear
function as _�x� �f� �x; _�xc�. Hence, linearizing the system depicted in
Fig. 8 around the desired flight condition and the calculated
trim points (i.e., �x0 � �u0 v0 w0 p0 q0 r0 �T and _�xc0�
� _uc0 _vc0 _wc0 _pc0 _qc0 _rc0 �T), the following state-space
representation is obtained:

�_�x� Â��x� B̂�_�xc

where

Â� @
�f

@ �x

����
�x0;_�xc0

; B̂� @ �f

@_�xc

����
�x0;_�xc0

The linearized dynamics described by the preceding equations can

be expressed in the Laplace domain as � �X�s� � Ĝnom�s�� _�Xc�s�,
where the transfer matrix Ĝnom�s� is defined as follows:

Ĝnom�s� � �sÎ � Â��1B̂�
Gu _u�s� 0 Gu _w�s�

0 Gv _v�s� 0

0 0 0

2
64

3
75 0̂3�3

0 0 0

0 0 Gq _w�s�
0 0 0

2
64

3
75

Gp _p�s� 0 0

0 Gq _q�s� 0

0 0 Gr _r�s�

2
64

3
75

2
66666666664

3
77777777775

(15)

Looking at the expression of Ĝnom�s�, it is seen that the
linearization produces cross-coupling transfer functions Guw�s� and
Gqw�s� that relate� _wc to�u and�q. Moreover,�w is not excited
by any of the commanded acceleration inputs. This is a consequence
of the constraint equation for u,w, and q [i.e., Eq. (14c)], mentioned
in Sec. IV.
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As an example, the results of the trimming algorithm and the
linearization are presented subsequently for a representative flight
condition at h0 � 7500 m and M0 � 0:95 with T0 � 26; 428 N,
�0 � 0:33 deg, �e0 ��1:14 deg, and �0 � �a0 � �r0 � 0. At this
flight condition, the elements of the transfermatrix Ĝnom�s� are found
as follows:

Gu _u�s� �Gv _v�s� �Gw _w�s� �Gp _p�s� �Gr _r�s� �
1

s

Gu _w�s� �
�0:14

s�s� 0:69� ; Gq _w�s� �
1:40s� 295

s�s� 0:69� (16)

Because the additive uncertainties associated with the ideally
inverted system are generated by using the mentioned trimming and
the linearization algorithms together, their success is tested by
simultaneous simulations of the linearized system represented by
Ĝnom�s� and the nonlinear system. The simulations are carried out
with _uc � _vc � 0 and nonzero _pc, _qc, and _rc, which are chosen as
zero mean white noise signals with Gaussian distribution and with
standard deviationvalues of
 _p � 
 _q � 
_r � 100 deg =s. Note thatw
is not effectible by the commanded accelerations according to
Eq. (15) when the proposed TVC is used. Therefore, in the
simulations, _wc is not specified, but it is calculated using the specified
values of _qc and _uc according to Eq. (14c). Thus, w is left to change
freely. During the simulations, for the same specified nonzero inputs
� _pc; _qc; _rc�, the outputs �p; q; r� of the linearized system with
Ĝnom�s� and the nonlinear system are compared. The results plotted
in Fig. 9 show that the outputs of the two systems match each other
almost perfectly. Hence, this demonstrated success of the trimming
and linearization approach shows that the additive uncertainties
associated with the ideally inverted system can be calculated by the
proposed method explained in the previous paragraphs.

A. Uncertainty Estimation for Robust Performance Analysis

For a proper application of the NDI method, it is very crucial to
identify the parameters and model the dynamics of the nonlinear
plant exactly. In most of the flight control problems, the important
parameters are the aerodynamic coefficients. They are convention-
ally estimated by using the databases (aided by semi-empirical
methods) of similar air vehicles, wind-tunnel tests, computational
fluid dynamics (CFD), and flight tests. All of these methods have
certain estimation errors dependent on several factors. That is, the

technique and methodology of estimation, the flight conditions at
which the estimations are made, and the geometry of the aircraft are
very important factors affecting the estimation accuracy. The estima-
tion errors on the aerodynamic coefficients are generally specified
with percentages. Figure 10 shows an example for comparison of
some aerodynamic coefficient derivatives estimated by using theKay
vortex-lattice method, which is a CFD method based on vortex ring
assignment [46], and theU.S. Air Force digital DATCOM [47] for an
F-18-type configuration. The deviations of the aerodynamic coeffi-
cient derivatives calculated with these methods from their nominal
values [i.e., data (as denoted in Fig. 10)] are different and their differ-
ences are dependent on the flight conditions.

Recall that, as explained in Sec. III, the commanded forces and
moments ( �F�b�c and �M�b�c ) are calculated by using the aerodynamic
forces and moments ( �Fa and �Ma), which are functions of the aerody-
namic coefficients. Hence, the estimation errors of the aerodynamic
coefficients will directly affect �F�b�c and �M�b�c and, consequently, �F�b�Lc
and �F�b�Rc . Eventually, the estimation errors of the aerodynamic coef-
ficients will directly affect the control surface commands and de-
grade the performance of the designed controller or even cause an im-
proper operation. Therefore, it is crucial to analyze the effects of the
aerodynamic coefficient uncertainties on the controller performance.

The uncertainty definition starts with a very challenging
assumption: suppose that the aerodynamic coefficients are com-
pletely unknown and cannot be included within the NID process.
This means that the effect of the aerodynamics is ignored in the non-
linear dynamic inversion (i.e., �Fa � �Ma � �0 in the software compo-
nents block, as depicted in Fig. 8). In other words, the uncertainty in
the aerodynamic coefficients of the aircraft to be controlled is 100%.
This idea is taken into consideration to eliminate the lengthy and
costly high-� aerodynamic analyses, which may be considered un-
necessary, whereas TVC is already available to achieve the required
maneuvers. Hence, the entire control action is desired to be realized
only by the TVC with the additional purpose of suppressing the
disturbance coming from the total aerodynamics of the aircraft.

The linearization of the NID (without aerodynamic terms) to-
gether with the aircraft dynamics (including the aerodynamic effects)
lead to the perturbed transfermatrix Ĝ�s�, and the difference between
the perturbed and nominal transfer matrices [i.e., �Ĝ�s� � Ĝ�s��
Ĝnom�s�] is assigned as the additive uncertainty matrix on the
nominal transfer matrix. The detailed expression of the difference
matrix is shown next:

Fig. 9 Angular velocity outputs of the systems with nonlinear and linearized dynamics.
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�Ĝ�s� �
0̂3�3 0̂3�3

0 �Gv _p�s� 0

�Gu _q�s� 0 �Gw _q�s�
0 �Gv _r�s� 0

2
4

3
5 �Gp _p�s� 0 0

0 �Gq _q�s� 0

0 0 �Gr _r�s�

2
4

3
5

2
664

3
775 (17)

Hence, at the same representative flight condition mentioned
previously, the elements of �Ĝ�s� are found as

�Gv _p�s� �
0:30s� 0:21

s2�s� 0:79� ; �Gp _p�s� �
2s2 � 1:59s� 0:15

s2�s� 0:79�

�Gu _q�s� �
s��0:28s� 0:22�
s2�s� 0:79�

�Gw _q�s� �
3:33s2 � 589:78s� 62:91

s2�s� 0:79�

�Gq _q�s� �
2s2 � 1:59s� 0:15

s2�s� 0:79� ; �Gv _r�s� �
s��1:58s� 1:08�
s2�s� 0:79�

�Gr _r�s� �
2s2 � 1:59s� 0:15

s2�s� 0:79�

The block diagram of the linearized nonlinear dynamics with
Ĝnom�s� and the additive uncertainty transfer matrix�Ĝ�s� is shown
in Fig. 11.

B. Robust Performance Analysis of the Designed Controller

The designed controller is composed of the attitude and the
angular velocity controllers. They are constructed by using the PI and
P controller structures with the gain matrices K̂p, K̂i, and K̂d, as
shown in Fig. 5. In the robust performance analysis, to make the
analysis under the effect ofmaximumnoise contribution, the shaping

filters of the measurement noise signals are set to unity so that
n� � w�, n� �w�, n � w , np �wp, nq � wq, and nr �wr.

The performance of the designed controller is examined by
comparing the output of the controlled system with the output
corresponding to the desired closed-loop dynamics [i.e., the desired
matching model Ĝdes�s�]. The difference between the outputs of the
desired matching model and the controlled model are processed with
the performance weight transfer matrix Ŵp�s�, and the structured
singular values � are calculated with respect to the outputs of the
block with Ŵp�s� (i.e., ��, ��, and � ). The angular acceleration
command generator, the desired matching model, and the
performance weight transfer matrix with the noise signals
�n�; n�; n ; np; nq; nr� and the sensor biases �b�; b�; b ; bp; bq; br�
are shown in the block diagram in Fig. 12.

Recall that in Sec. III, the poles of the desired closed-loop
dynamics are specified in terms of the parameter sets f!n�; !n�; !n g,
f!0n�; !0n�; !0n g, and f��; ��; � g. Considering the robust stability and
the nominal performance characteristics under the effect of the
described plant uncertainties and external disturbances, they are set
to !n� � !n� � !n � 1 Hz, !0n� � !0n� � !0n � 7 Hz, and �� �
�� � � � 1 after successive trials and errors. Here, the aim of the
trial-and-error study is to choose the controller parameters and design
a controller capable of making the desired maneuvers in a
satisfactory manner. Then, using these values, the desired matching
model and the performanceweighting transfermatrices are formed as
follows:

Ĝ des�s� � diag

�
!n�

s� !n�
;
!n�

s� !n�
;
!n 

s� !n 

�
(18a)

Ŵ p�s� � diag

�
s� 30!n�

10�s� 3!n��
;
s� 30!n�

10�s� 3!n��
;
s� 30!n 

10�s� 3!n �

�
(18b)

Here, the elements of the desired matching model Ĝdes�s� are set in
the form of low-pass filters with the cutoff frequencies at !n�, !n�,

Fig. 10 Uncertainties in the aerodynamic coefficients for an F-18 aircraft [46].

)(ˆ sGnom

)(ˆΔ sG Δ̂

)(ˆ sG

[ ]Twvu
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... +

+

Fig. 11 Representation of additive uncertainty�Ĝ�s� on Ĝnom�s�.
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and!n , which are themagnitudes of the dominant closed-loop poles
of the inverted and controlled nonlinear system. On the other hand,
the elements of the performance weight transfer matrix Ŵp�s� are
chosen in the form of lead-lag filters that suppress the effects of the
inputs with frequencies higher than the bandwidth frequencies of the
desired matching model and the proposed attitude control system.
The Bode plot of each element of the performance weight transfer
matrix turns out to be as shown in Fig. 13 for !n� � !n��
!n � 2� rad=s.

Using the given controller parameter set, the graphs that show the
frequency variations of �, the robust stability, and the nominal
performance are drawn in Fig. 14 for �Fa � �Ma � �0. As shown in
Fig. 14, the peak value of � happens to be 3.21, which implies that
kF̂u�M̂; �̂�k1 	 3:21.

Hence, with the specified controller parameters, it is concluded
that the controlled system is only robust to the 1=3:21 of the specified
external disturbances and uncertainties. This analysis shows clearly
that the robust performance cannot be achieved for the controller
designed with the assumption that �Fa � �Ma � �0.

Based on the conclusion obtained previously, instead of totally
ignoring the aerodynamic forces and moments, they should be
included in the dynamic inversion process with a certain amount of
accuracy. Hence, the aerodynamic forces are included in the NID
process, but the uncertainties in the aerodynamic coefficients in the
plant model are set to a level of 30%; that is, the aerodynamic
coefficients are assumed to be 70% accurate. At this point, it must be
pointed out that 30% uncertainty is relatively high when the general
accuracy of the estimation methods is considered. In the analysis, all
of the aerodynamic coefficients, except the drag coefficient Cx, are
decreased to 70% of their nominal values. Thus, the lifting and
maneuvering capabilities of the aircraft are degraded. However, the
drag coefficient is increased to 130% of its nominal value to degrade
the performance of the aircraft even further. For this case, the
frequency variations of �, the robust stability, and the nominal
performance are drawn in Fig. 15. As seen in Fig. 15, the peak value
of � reaches only 0.92 this time [i.e., kF̂u�M̂; �̂�k1 	 0:92]. This
result shows that a robust performance can be achieved if the

Fig. 12 Block diagram for robust performance analysis.

Fig. 13 Common Bode plot of the elements of the performance weight

transfer matrix.

Fig. 14 Robust performance plots for the controller designed with �Fa � �Ma � �0.
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controller is designed with even 30% uncertainty in the estimation of
the aerodynamic coefficients.

VI. Simulation and Verification of the
Designed Controller

The robust performance analysis results of the previous section are
verified here by simulating theflight of the aircraft under the action of
the designed controller. The simulation is carried out by using the
control parameters mentioned in the previous section and assuming
that the aerodynamic coefficients have 30% uncertainty. The
reference inputs for the translational accelerations are chosen as
_u� _v� _VT � _�� 0.
In the simulation, the attitude angle commands of the selected test

maneuver are generated to achieve rapid pull-ups and turns. That is,
the aircraft is commanded to pull up to 85 deg from 0 deg pitch angle
and tomake a full heading reversal at the same time. At the end of the
maneuver, it is commanded to recover the level position again and
simultaneously to complete a 180 deg heading change. The time to
complete themaneuver is set as 20 s. For thismaneuver, the reference
attitude commands for the pitch and yaw motions are generated as

half-cycloid motions with �max � 85 deg,  final � 180 deg, and
tmax � 20 s; that is,

�d�t� � ��max=2��1 � cos�2��t=tmax���
 d�t� �  final��t=tmax� � �1=2�� sin�2��t=tmax��� (19)

As for the reference roll command, it is specified as follows in
connection with the yaw command:

�d�t� � k0tan�1
�

g

VT _ d�t�

�
; k0 � 0:6 (20)

Here, k0 is chosen to coordinate the roll command suitably with the
desired turn rate command. In the simulation, the standard deviations
of the sensor measurement noises are chosen as 
� � 
� � 0:3 deg,

 � 0:1 deg, 
p � 
q � 
r � 1 deg =h, and 
 _u � 
 _v � 1 m=s2.
The simulation results are plotted as shown in Figs. 16–18. In the
plots, the dashed–dotted lines show the reference inputs and the
continuous lines show the responses. Note that the reference and
response signals in Fig. 18 are almost the same.

Fig. 15 Robust performance plots for the controller subjected to 70% uncertainty of �Fa and �Ma.

Fig. 16 VT , �, and � plots with 30% uncertainty in the aerodynamic coefficients.
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VII. Conclusions

In this study, an attitude control structure based on nonlinear
dynamic inversion (NDI) is proposed and applied on a fighter aircraft
model. The controller is designed to achieve automated agile maneu-
vers at high angles of attackwith aerodynamic control if possible and
with thrust-vectoring control otherwise. For this purpose, themaneu-
verability of the modeled aircraft is enhanced by integrating virtual
thrust-vectoring postexit vanes to the nozzle exits of each engine.
Then the robust performance of the designed controller is inves-
tigated under the effect of the sensor noise and aerodynamic uncer-
tainties. Because NDI leads to similar performance at every flight
condition and the additive uncertainty transfer functions turn out to
be very close to each other over the whole flight envelope, the results
of the robustness analysis pursued at a single representative flight
condition are considered to be sufficient.

The uncertainties in the aerodynamic coefficients generally
increase and become more unpredictable with the increasing angle-
of-attack values. In this study, this fact is not taken into account in the
robustness analysis and the aerodynamic uncertainties are assumed
to be the same at every angle-of-attack value throughout the chal-
lenging flight conditions that can be coped with only by using TVC.
However, the robustness analysis for TVC is repeated for two distinct
cases. In the first case, a very extreme assumption is made and the
aerodynamic forces and moments are treated as if they are com-
pletely unknown, and so they are modeled to be zero. The results of
the robustness analysis clearly show that it is impossible to achieve

the desired performancewith this assumption. In the second case, the
aerodynamic forces and moments are assumed to be known but still
with a large degree of uncertainty, such as 30%. In other words, to be
on the worst side, the drag coefficient is assumed to be 30% larger
than its nominal value, with the other coefficients 30% smaller than
their nominal values. In this case, the results of the robustness
analysis show that it is possible to design a TVC that can perform
satisfactorily. Hence, it is concluded that even a rough estimation of
the aerodynamic forces and moments with a certain minimum level
of confidence makes it possible to design a robust TVC.

This study has also shown that high-angle-of-attack maneuvers
can be automated bymeans of a TVCdesigned by using the proposed
NDI approach. In fact, the performance of the designed TVC is
demonstrated by simulating a difficult test maneuver that can be used
in an actual air-to-air combat.

As for the futurework, the stability and robustness of the proposed
controller can be analyzed by implementing nonlinear analysis tools
to account for the changing dynamic behavior of the aircraft over the
whole maneuvering envelope. Furthermore, the switching between
the aerodynamic and thrust-vectoring controls can be studied to
propose different blending rules that optimize the full control author-
ity and allow smooth transitions. In this paper, the plant uncertainty
is accounted only in the aerodynamic forces andmoments. However,
it is also possible to consider uncertainties in different plant param-
eters such as aircraft mass/inertia, engine thrust, actuator/sensor
dynamics, etc. On the other hand, it is also possible to enhance the
flight scenarios and test the proposed controller further. The en-
hanced flight scenarios, which demonstrate high-angle-of-attack
maneuvering superiority, can be selected as the well-known Cobra
and Herbst, velocity vector roll, ground target attack, tail chaise ac-
quisition, and target aircraft pointing maneuvers.

Another point is that the test maneuver simulated in this paper is
assumed to be performed in an automatedmanner. However, it is also
possible to extend this study to the pilot in the loop maneuvers. Such
a study requires the integration of a human-pilot model into the
controller design and the robust performance analysis. Thus, it may
become possible to develop control structures that may ease the pilot
workload during the severe maneuvers.
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